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Key takeaways
e Reasoning <= Algorithmic structure
e Neural Network’s ability to learn to reason : Architecture <=> Structure

e Intuition: As architecture’s alignment with the algorithm increases, the network itself has to
learn simple functions (and not the whole algorithm)

® Theoretical measure: ALGORITHMIC ALIGNMENT

e Empirical usefulness:
Reasoning process: summary statistics, relational argmax, dynamic programming
NN architectures: MLP, Deep Sets, GNN
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Reasoning

Questions in CLEVR test various aspects of visual reasoning including
attribute Identification, counting, comparison, spatial relationships, and
logical operations.

Q: Are there an equal number of large things and metal spheres?

Q: What size is the cylinder that is left of the brown metal thing that is left of the big sphere?

Q: There is a sphere with the same size as the metal cube; is it made of the same material as the
small red sphere?

Q: How many objects are either small cylinders or red things?

? IY\IESC':I'-II-'?URTE UNIVERSITY Johnson, Justin, et al. "Clevr: A diagnostic dataset for compositional language and elementary visual reasoning."
fGUELPH Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition. 2017.




Reasoning: Problem Formalization

e Universe S = set of objects to reason about

e FEachobjects € Sisrepresented by a feature vectorX=[h_, h_, ..., h ]

e Given aset of universes {S1,S2, ..., Sm} and answer labels y = {y1, y2, ..., ym}

learn a function which can answer questions about unseen universe y = g(S)

UNIVERSITY
UELPH

7\ VECTOR
INSTITUTE




Reasoning: Problem Formalization

o VQA
o Universe: Images/Questions
o Objects: Objects in the image/question

o Answers: Answer

e Shortest Path
o Universe: Graph
o Objects: Nodes/Edges
o Answers: Shortest path
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Reasoning: summary statistics

Questions in CLEVR test various aspects of visual reasoning including
attribute Identification, counting, comparison, spatial relationships, and
logical operations.

Summary statistics
Q: What size is the cylinder that is left of the brown metal thing that is left of the big sphere? What iS the maXimum Value

Q: There is a sphere with the same size as the metal cube; is it made of the same material as the

ko oo difference among treasures?

Q: Are there an equal number of large things and metal spheres?

01 How many objects are either small cylinders or red things?

Max/Min/Sum etc of (features of) all objects
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Reasoning: relational argmax

Compare pairwise relations between
objects and answer a question about
those pairwise results

Relational argmax
What are the colors of the
furthest pair of objects?

UNIVERSITY

7\ VECTOR
-\ INSTITUTE Q(GUELPH

11



Reasoning: dynamic programming

Several relational reasoning tasks can
be solved using a dynamic
programming algorithm

Answer[k][i] = DP-Update({Answer[k - 1][j1}, j = 1...n)
Dynamic programming
What is the cost to defeat monster X
by following the optimal path?

e.g. Shortest path can be solved using Bellman-Ford
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Reasoning: dynamic programming

VQA: "Starting at object X, if each time we jump to the closest object,

which object is K jumps away?” (sort-of-CLEVR dataset)
closest[1][i] = arg minj d(i, j), closest[k][i] = closest[k - 1][closest[1][i]]

Intuitive physics: Authors also show how moving objects and force

interactions, which are another popular area of Al reasoning research,

can be modelled as dynamic programming updates (refer paper)

UNIVERSITY

7\ VECTOR
-\ INSTITUTE UELPH

13



Presentation outline

1. Reasoning and algorithms

3. Algorithmic Alignment
4. Results

UNIVERSITY

7\ VECTOR
-\ INSTITUTE UELPH

14



Network Structure: MLP

® No inherent relational structure

e Works well for single object
universes (image classification)

e Has a hard time generalizing to
multi-object universes if trained on
concatenated object
representations

UNIVE{%EITY https://tex.stackexchange.com/questions/132444/diagram-of-an-artificial-neural-network 15
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Network Structure: Deep Sets
® y=MLP_[Y _ MLP_(X)

~@- > s ® Can learn permutation invariant
g functions of objects

® Reasoning problems often require
learning functions of unordered
sets

UNIVERSITY

ELPH https://www.researchgate.net/figure/Architecture-of-DeepSets-Equivariant_fig5_315383633
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Network Structure: GNNs

e Message passing scheme where at iteration
{- k the representation h_is recursively

3
e A8

7
- &\% % neighbouring states

(k) — (k) k-2 Rk
o h™ =3 _MLPY [h¥™  h % ]

updated by aggregating representations of

— (k-1)
he=MLP (3 _.h™™ )
h.=output, K=#layers, h ¥=Xs
e Also permutation invariant. GNNs can also
focus on pairwise relations unlike deep sets
-\T IY\IESQI'-II-'?URTE UNIVE{%EY https://towardsdatascience.com/https-medium-com-aishwaryajadhav-applications-of-graph-neural-networks-1420576be574 17




Network structure

e Empirically,
GNN > Deep Sets > MLP

e Theoretically,
GNN < Deep Sets <@ MLP

e Therefore,

Difference in accuracy = f(difference in generalization ability)
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Network structure and algorithms

e Theinductive bias of 'the neural network’s architecture induces a
computational structure on the function it computes’
e.g. CNNs perform great on images because convolution filters are
translation invariant for objects in the images

e Intuitively, a network may generalize better if its able to represent a
function more ‘easily’

e Battaglia et al already discussed this idea about GNNs being better at
relation learning due to their structure (without formalization)

UNIVERSITY Battaglia, PW., Hamrick, J.B., Bapst, V., Sanchez-Gonzalez, A., Zambaldi, V., Malinowski, M., Tacchetti, A., Raposo, D., Santoro, A, 20
ELPH Faulkner, R. and Gulcehre, C., 2018. Relational inductive biases, deep learning, and graph networks. arXiv preprint arXiv:1806.01261.
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Network structure and algorithms

Bellman-Ford algorithm

d[k][u] = miny d[k-1][v] + cost (v, u)

® e.g.Bellman-Ford algorithm outlines the correct reasoning process to solve a shortest
path problem
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Network structure and algorithms

Graph Neural Network Bellman-Ford algorithm

Soruins: BT T o i in S

hu(k) = ZV MLP(hV(k_”, hu(k-1)) d[k][U] = minv d[k'1][V] + COSt (V, U)

Learns a simple reasoning step

® e.g.Bellman-Ford algorithm outlines the correct reasoning process to solve a shortest
path problem

® GNN cansimulate Bellman Ford if it's able to learn the relaxation step in the last line
(sum->min over neighboring nodes v) via its aggregation operation

e However, an MLP or Deep Set would have to learn the structure of the entire for loop
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PAC learning framework

Definition 3.3. (PAC learning and sample complexity). Fix an error parameter ¢ > 0 and failure
probability 6 € (0,1). Suppose {z;, ?Jz}z]\; are 1.1.d. samples from some distribution D, and the

data satisfies y; = g(z;) for some underlying function g. Let f = A({z;,y;}.~,) be the function
generated by a learning algorithm A. Then g is (M, €, §)-learnable with A if

Pono [[|f(z) —g(z)]| <] 21 -4 (3:1)
The sample complexity C 4 (g, €, 9) is the minimum M so that g is (M, €, §)-learnable with A.
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Algorithmic Alignment

Definition 3.4. (Algorithmic alignment). Let g be a reasoning function and N a neural network
with n modules N;. The module functions fi, ..., f,, generate g for A if, by replacing N; with f;,
the network N simulates g. Then N (M, ¢, §)-algorithmically aligns with g if (1) f1, ..., f,, generate
g and (2) there are learning algorithms A; for the A;’s such that n - max; C 4, (f;,€,0) < M.

NIVERSITY
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Algorithmic Alignment

Put more simply, a neural network aligns with an algorithm if

1. It can simulate it via a limited number of modules (n)

2. Each module is simplei.e. has low sample complexity (M/n)

‘Good algorithmic alignment, i.e., small M, implies that all algorithm steps fi to simulate the algorithm g

are easy to learn.’

25
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Measuring Algorithmic Alignment

Theorem 3.5. (Sample complexity for overparameterized MLP modules). Let A be an overpa-
rameterized and randomly initialized two-layer MLP trained with gradient descent for a sufficient

. . : (i)
number of iterations. Suppose g : R? — R™ with components g(x )() = Z (Z) (5(1)T )pj ;
where ﬁj(-i) eR¢ o eR, andpg | orpg = (I € Ny). The sample complexlly Ca(g,€,0) is

(3:2)

max; Y0, p{7]al?| - (|85 12 + log (m/)
Ca(g;€,0) = O( (e/m)? )

« Functions that are "simple” when expressed as a polynomial (e.g. via a Taylor
expansion) can be sample-efficiently learned by an MLP.

« Complexity increases with #number of objects in the universe as ||Bj|| increases and
also #modules required to represent g(x) as K increases

o Algorithm steps which perform computations over many objects (e.g. for loops) lead
to higher sample complexity for MLPs
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Theoretical result

Corollary 3.7. Suppose universe S has £ objects X1, ..., Xy, and g(S) = 3, ;(X; — X;)?. In the
setting of Theorem 3.6, the sample complexity bound for MLP is O({?) times larger than for GNN.

Theoretically, for a pairwise relation learning task (sum of pairwise squared differences), the sample
complexity bound for MLP is O(objects”2) times larger than for GNN

NIVERSITY
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Empirical Settings

e Summary Statistics

o Maximum value difference : Each object is a treasure X = [h1, h2, h3] with location hz, value h2 and
color h3. Models have to predict difference in value between most and least valuable treasure
y(S) = maxses ha(Xs) — minges ha(Xs).

e Relational argmax

o Furthest pair: same object setting as before. Train models to find colors of objects with the largest
distance (encoded as an integer category representing pair of colors)

y(S) = (h'ii(Xsl)!hii(st)) S.t. {Xh'l"XSQ} = arglnaxsl.s'_;eS”hl(X- ) e hl )( ”[1
e Dynamic programming

o Shortest Path: solved using Bellman-Ford previously discussed

e NP-Hard problems

o Subset sum: Given a set of numbers, does there exist a subset of numbers (values of treasures here)
which sums to zero?
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Empirical Results: Sample efficiency (DP task)

e GNNs align well with DP,
100 GNN7 Deep Sets and MLP don’t

cnnz @ Inthis case Bellman-Ford
algorithm needs 7 iterations
to converge to a solution

Test accuracy (%)

e Authors show that an
optimized version of the
algorithm needs 4
iterations, which might
explain why only GNNs with
4 iterations or above

generalise well

NIVERSITY
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Empirical Results: Test Accuracy
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(d) Subset sum. Random guessing yields 50%.
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Future works

1. Building neural networks with better algorithmic alignment for reasoning

2. Neural architectures that learn algorithmic paradigms other than dynamic programming

3. Solving other algorithmic tasks (like combinatorial optimization) using neural networks designed
to align with algorithmic solutions
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